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$f(x)=x-c0$ 1 $\mathrm{x}1$ $[c_{0}]$
“ 13 $(\mathrm{C})$ .
$\dagger \mathrm{m}\mathrm{o}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{s}\mathrm{u}\mathrm{g}@\mathrm{u}\mathrm{l}\mathrm{i}\mathrm{s}\cdot \mathrm{a}\mathrm{c}\cdot \mathrm{j}\mathrm{p}$




$C(1)$ $\varphi c(x)$ $\phi c(x)$ $f(x)$
3(Frobenius )
$n\mathrm{x}n$ $A$ $S$
$A$ Frobenius ( )
$F=S^{-1}AS=C_{1}\oplus C_{2}\oplus\cdots\oplus C_{t}$ . (2)
$C_{:}(i=1, \cdots, t)$ $mj\mathrm{x}m_{i}$ (1) $C_{i+1}$ $\varphi:+1(x)$






$op1(k, \ell)$ : $A$ $k$ $\ell$ $k$ $\ell$
$op2(k, c)$ : $A$ $k$ $c^{-1}$ $k$ $c$
$\varphi 3(k,\ell, c)$ : $A$ $k$ $\ell$ $c$ $\ell$ $k$ $c$
... $S_{3}^{-1}(S_{2}^{-1}(S_{1}^{-1}AS_{1})S_{2})S_{3}\cdots$
(2) $F,$ $S,$ $S^{-1}$
1






$A$ $AS=SF$ $F,$ $S$
$S$
$op2(k, c)$ $\mathrm{r}_{c^{-1}}$ $p$
(Euclid $s\equiv c^{-1}$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$ ) $\mathrm{Z}_{p}$ Frobenius
$A_{p}S_{p}=S_{p}F_{p}$ $\mathrm{Z}$ $F,$ $S$
Chinese Remainder Theorem
5(CRT: 2 )
$m_{1},$ $m_{2}$ $m_{1}s+m_{2}t=1$ 1 $s,$ $t$
$\{$
$x\equiv a_{1}$ $(\mathrm{m}\mathrm{o}\mathrm{d} m_{1})$
$x\equiv a_{2}$ $(\mathrm{m}\mathrm{o}\mathrm{d} m_{2})$
$\Rightarrow$ $x\equiv a_{1}m_{2}t+a_{2}m_{1}s$ $(\mathrm{m}\mathrm{o}\mathrm{d} m_{1}m_{2})$
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$\ldots \mathrm{k}_{-}\mathrm{h}\mathrm{t}f\vee\epsilon \mathrm{t}\backslash -[]\subset[] \mathrm{f}_{\backslash }$
$\{$
$x\equiv a_{k-1}$ $(\mathrm{m}\mathrm{o}\mathrm{d} p_{1}\cdots p_{k-1})$
$x\equiv a_{k}$ $(\mathrm{m}\mathrm{o}\mathrm{d} p_{k})$
$(k=2,3, \ldots)$
5 (Newton ) $\text{ }$ $S$
mod $p_{1}\cdots p_{k-1}$ $S^{(k-1)}$ mod $p_{1}\cdots p_{k-1}p_{k}$ $S^{(k)}$
$AS^{(k)}=S^{(k)}F^{(k)}$ |
1(Frobenius )
% : $n\mathrm{x}n$ $A$ {pl, , . .. , $p_{s}$ }
% $F^{(k)},$ $S^{(k)}$ $\mathrm{m}\mathrm{o}\mathrm{d} p_{1}\cdots p_{k}$
% : $A$ Frobenius $F$ $S$ $(AS=SF)$
Compute $F_{p_{1}},$ $S_{p1}$ $\mathrm{s}.\mathrm{t}$ . $A_{p1}S_{p1}\equiv S_{p1}F_{p_{1}}$ $(\mathrm{m}\mathrm{o}\mathrm{d} p_{1})$ ;
$k:=1$ ; $F^{(1)}:=F_{p1}$ ; $S^{(1)}:=S_{\mathrm{P}1}$ ;
loop : Do until $(S^{(k-1)}=S^{(k)})$
$k:=k+1$ ;
Compute $F_{pk},$ $S_{p_{k}}$ $\mathrm{s}.\mathrm{t}$ . $A_{\mathrm{P}k}S_{\mathrm{P}k}\equiv S_{pk}F_{pk}$ (mod $p_{k}$ );
Construct $F^{(k)}$ from $F^{(k-1)}$ and $F_{pk}$ by CRT;
Construct $S^{(k)}$ from $S^{(k-1)}$ and $S_{pk}$ by CRT;
If ($AS^{(k)}=S^{(k)}F^{(k)}$ (over $\mathrm{Z}$)) then return $\{F^{(k)}, S^{(k)}\}$ else goto loop;
4 unlucky
$p$ unlucky $\mathrm{Z}$ $AS=SF$ $\mathrm{Z}_{p}$ $A_{p}S_{p}=S_{p}F_{p}$
$F\not\equiv F_{p}$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$ $S\not\equiv S_{p}$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$ 1
unlucky $F_{p},$ $S_{p}$ CRT $F,$ $S$
6(Howell[5])
lucky $p$ pivot $\mathrm{Z}$ pivot
pivot unlucky $p$ pivot













1 Frobenius $F$ $AS=SF$













$\varphi(A)=O$ $s_{n}$. 2 (3) $s_{n}$





$\{+1, -1\}$ $S$ rank
2(Frobenius + )
% : $n\mathrm{x}n$ $A$ $\{p_{1},p_{2}, \ldots,p_{\epsilon}\}$
% $F^{(k)}$ 1 $\mathrm{m}\mathrm{o}\mathrm{d} p_{1}\cdots p_{k}$ $S_{pk}$
% : $A$ Frobenius $F$ $S$ $(AS=SF)$
Compute $F_{p1}$ $\mathrm{s}.\mathrm{t}$ . $A_{p1}S_{p1}\equiv S_{p1}F_{p1}$ $(\mathrm{m}\mathrm{o}\mathrm{d} p_{1})$ ;
$k:=1$ ; $F^{(1)}:=F_{p_{1}}$ ;
loop :Do until $(F^{(k-1)}=F^{(k)})$
$k:=k+1$ ;
Compute $F_{pk}$ $\mathrm{s}.\mathrm{t}$. $A_{pk}S_{pk}\equiv S_{pk}F_{pk}$ $(\mathrm{m}\mathrm{o}\mathrm{d} p_{k})$ ;
Construct $F^{(k)}$ f$\mathrm{r}$om $F^{(k-1)}$ and $F_{pk}$ by CRT;
If $\varphi(A)\neq O$ then goto loop; % $\varphi(x)=\min.\mathrm{p}\mathrm{o}1$ . of $F^{(k)}$
Construct $S$ from $A,$ $F^{(k)}$ (over $\mathrm{Z}$);




$-\ovalbox{\tt\small REJECT} 1$ :CPU-Time(sec)for integer matrices $\mathrm{I}$
2: CPU-Time(sec) for integer matrices II
6
$\mathrm{H}9000\mathrm{V}\mathrm{K}270$ (CPU : $\mathrm{P}\mathrm{A}$-8000, $160\mathrm{M}\mathrm{H}\mathrm{z}$) $128\mathrm{M}\mathrm{B}$
HP-UX Reduce3.6[4] $+\mathrm{R}\mathrm{L}\mathrm{I}\mathrm{S}\mathrm{P}’ 88[8]$
$\{p_{1},p_{2}, \ldots,p_{1}\mathrm{o}00\}=$ {2147483647, 2147483629, ..., 2147462143}
1 -10000\sim 10000 1
$S$ (3)
2
2 12$(8, 4)\sim 42(12,10,8,6,4,2)$
$S$ (3)
1






(2) $S$ $A,$ $F$
$S$
(3) Maple frobenius $(S^{T})^{-1}$
(4)
$\mathrm{Z}_{p}$ $\mathrm{Q}$
[1] Char, B. W., et al.: Maple $V$ Library Reference Manual, Springer, N.Y., 1991.
[2] Danilevskii, A. M.: On the numerical solution of the secular equation, Mat Sb., $2(1)$ , 1937, 169-172.
(in Russian).
[3] , : ( ), , , 1970.
[4] Hearn, A. C.: Reduce User’s Manual $(Ver. \mathit{3}.\mathit{6})$, RAND Corp., Santa Monica, 1995.
[5] Howell, J. A.: An Algorithm for the Exact Reduction of aMatrix to Frobenius Form Using Modular
Arithmetic. I&II, Math. Comp., 27(124), 1973, 887-920.
[6] , : , , , 1982.
[7] , –: , , 6(3), 1996, 253-264.
[8] Marti, J.: $RLISP\prime \mathit{8}\mathit{8}$:An Evolutionary Approach to Program Design and Reuse, World Scientific,
Singapore, 1993.
[9] , : Jordan , ,
$2(1)$ , 1992, 91-103.
[10] Moritsugu, S. and Kuriyama, K.: On Multiple Zeros of Systems of Algebraic Equations, ISSAC 99,
ACM, N.Y., 1999, 23-30.
[11] Moritsugu, S. and Kuriyama, $\mathrm{K}.$ :ALinear Algebra Method for Solving Systems of Algebraic Equa-
tions, J. JSSAC( ), $7(4)$ , 2000, 2-22.
[12] , : . . ,
, 11(2), 2001, 103-120.
[13] , : Frobenius ,
, 1199, 2001, 220-227.
[14] , : - ,
, $6(4)$ , 1990, 27-36.
XIII-6
92
